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Theory of Liquid Sloshing in Compartmented Cylindrical
Tanks Due to Bending Excitation

Hermur F. BAUugr* :
NASA George C. Marshall Space Flight Center, Huntsville, Ala.

Propellant sloshing may be caused by the bending of a space vehicle that exhibits low strue-
tural frequencies. Such propellant oscillations are important because there is the possibility
of extreme amplitudes if the excitation (bending) frequency is in the neighborhood of one of
the natural frequencies of the fuel in the container. Forces and moments exerted by the oscil-
lating propellant on the tank are determined due to forced bending excitation for a liquid in a
circular, cylindrical, ring sector tank with a free fluid surface. Special cases, such as the tank
with sector and circular cross section, are obtained by limit considerations. As is expected,
force and moment of the liquid increase sharply at the resonant frequencies of the propellant.
The total force and moment generally are less for a given maximum bending amplitude than
for a translational motion of the same magnitude. The maximum dynamic effects occur
when the free fluid surface is located in the vicinity of the point of maximum bending dis-

placement.

Nomenclature

cylindrical coordinates

time

velocity potential

disturbance potential

potential of liquid without free fluid surface

mass density of liquid

pressure of liquid

radius of outer tank wall

radius of inner tank wall

diameter ratio

liquid height

longitudinal acceleration (in 2z direction)

eigenfrequencies of liquid

foreed circular frequency

frequency ratio

amplitude of tank excitation in z direction

maximum amplitude of bending displacement

amplitude of tank excitation in y direction

fluid force

fluid moment

free fluid surface displacement, measured from
the undisturbed position

flow velocity

Bessel functions of order m/2«a of first and
second kind

ryo,2

= ¢+ ¥

T TIE e

=b/a

3
3

RNEQR TR

=1
I
2
£
3
s

L T I O 1

=g By
sEE
™[ N
OINO

Ury, U, W
Jmlza, Ym/2a

I

Emn = roots of Anne(f) = 0 [see Eq. (2.13)]
€mn = 100t8 of Jmea'(e) = 0
2ra=a& = container vertex angle

Introduction

HE constantly increasing size of space vehicles introduces

more new problems in modern space technology. As
vehicles lengthen, their fundamental bending frequencies
become lower; as their diameters become larger, the nat-
ural frequency of the propellant becomes lower. These
trends restrict the choice of the control frequency value.
Acute problems result from this close grouping of frequencies
because of the interaction of structure, control, and pro-
pellant sloshing.
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Performance considerations necessitate a design exhibiting
low structural frequencies. Therefore, the effect of elastic
vibrations of the vehicle structure upon the propellant slosh-
ing and the control system becomes more critical because of
the low frequencies and the overall low damping.

Although the sloshing frequencies are even closer to the
control frequency, the effect of propellant sloshing upon sta-
bility can be handled more easily than the effect of the elastic
structure, provided that the phases are chosen properly.
Of the many problems involved here, the one of the pro-
pellant sloshing due to bending vibrations will be treated.

In the tanks of a missile or space vehicle, sloshing will
affect the performance and stability of the vehicle seriously,
even causing total flight failure in some cases. Since more
than 909 of the total weight of a vehicle at launch is liquid,
propellant sloshing represents an area that needs special atten-
tion even in the preliminary design stage. The tendency in
modern space technology is toward a continuous increase in
size of space vehicles, making investigations of this kind
mandatory. Therefore, for a realistic dynamic stability and
control analysis, even the effect of the oscillating propellant
due to bending vibrations of the structure has to be considered.

For space vehicles, which exhibit low propellant and bend-
ing frequencies, subdivision of tanks might be of importance
to reduce the vibrating sloshing masses and increase the eigen-
frequency of the propellant, thus moving it farther away from
the control frequency. This indicates that the sloshing
frequency is becoming closer to the structural frequencies.
In the following, therefore, the liquid oscillations in a cylindri-
cal tank with ecircular, ring sector cross sections will be
treated with respect to bending oscillations. From the re-
sults, one can obtain by limit considerations the solutions of
the most important cases.

Forced Bending Oscillations

The flow field of the liquid with a free fluid surface in a
circular, ring sector tank with a flat bottom, due to forced
bending oscillations of the tank, can be obtained from the
solution of the Laplace equation A® = 0 and the appropriate
linearized boundary conditions. The cross section of the
tank was considered to be always of identical shape. This
certainly will be enhanced by the sector walls. Further-
more, the undisturbed free fluid surface is assumed to stay
in the same plane.

The bending of the walls of a tank of an elastic space
vehicle can be described as a superposition of translational,
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Fig. 1 Tank geometry and coordinate system

rotational, and bending oscillations with a clamped-in tank
bottom. This is justified, since the theory is linearized.

The response of the liquid due to translational and pitching
excitation has been treated previously.! The problem that
remains to be solved is the response of the propellant due to
bending excitation with a clamped-in tank bottom. The
boundary conditions at the tank walls as well as at the free
fluid surface (Fig. 1) are, for arbitrary wall oscillations (in
linearized form), as follows:

o ) 30 o0
3 {z zo(2)€ COW} at the tank wall r

or i ye(2)e® sing =q,b (2.1)
od ’
5 0 at the tank bottom 2 = —h (2.2)

1od _ 40
r ¢ i yo (2)e'®
at the tank sector wall ¢ = 0 (2.3)

109 {—~i9 2o(2) 6% sin27ra}

rde 1 iQyo (2)6'% cos2ra

at the tank sector wall ¢ = 27 (2.4)

9% iQ 7 sin @[22 o(0) — g yo'(0)]
forz = 0 (2.10)

0 _ o - {iQr c0s@[Q2 26(0) — ¢ xo'(o)]}

Instead of the Laplace equation, the Poisson equation of
the form

i x"(2)r cos
AY = {-—iQ Yo" (2)r sing (2.11)

has to be solved with the foregoing boundary eonditions.
The solution of the Poisson equation which satisfies bound-
ary conditions (2.7) and (2.8) is of the form

¢(T)¢y2> = 2::() go Amn<z) COS(’;n_a @) Cm/2o¢ (gmng) =
A(2) cos@Clp) (2.12)
where

7

Cm/Za <Emn ') = C(P) = JM/Zoc <£mn 2) Y’m/2al (Emn) -

a
’ r
Jm/2a (Emn) Ym/2a (Smn a)

The values £.. are the positive roots of the equation
Am/Za = Jm/a2, (2) Ym/2a’ (kg) -
Jms2a" (kE) Vimpod' (£) = 0 (2.18)

The expression & = b/a is the diameter ratio of the inner to
the outer wall.

Here, for the sake of simplicity, the double summations
and the indices m and n have been omitted. The abbrevia-
tions are

¢ = (m/2a) ¢ p = Enlr/a)

For the determination of the unknown coefficients A,,., one
expands the right-hand side of the tank bottom and free sur-
face conditions into Fourier and Bessel series. The cosine

% S i X
307 + 9 Yl 0 at the free fluid surface z = 0 (2.5) and sine can be expressed as
where the upper and lower line on the right-hand side repre- cose = mz=:0 tn 00O
sent excitation in the = and y directions, respectively. ) .
Green’s function was used in this treatment, since in most th g — sInd _ 2a(=1)" sin@ (@ = 2ra)
cases the displacement curve of the bending structure is not WIth @0 = a U = 2w — &)’
known analytically, and since the representation of the solu-
tion as an integral is more advantageous for the numerical o i -
evaluation on high-speed computers. Mg = = Cm COS®
Extracting the motion of the container, the potential be-
comes with co = 1 — cos@_ o — 2af(—1)" cosa — 1] (2.14a)
. L & " m? w2 — &) )
P = [‘/, 4 {’LQ 7 2o (2) 903¢}:|ei9t (2.6) ) « ' (
17 o (2) sing The radius # can be expressed in the form
One obtains for the boundary conditions of the disturbance =
potential r= 2 bun Cp) (2.14b)
n=0
o)
a—f~=0 forr = a,b (2.7) m=012...
in which the coefficients are (see Appendix)
Enn
a p2 C(p) dp
b — »l;cémn — 2 [ N2 (Emn) (2 15)

Em
Enn f p C¥p) dp

EEmn

[(4/72%6mn?) — k202 (hEmn)] — (M2 40%Ena®) [(4/ T2 mn?) — CF (k&mn) ]
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With the forementioned series expansion, one obtains an
infinite number of ordinary differential equations:

gmn _’L Q bmn 229 ZO”(Z)
p A (2) = {—i Qb c. yo”(Z)} (2.16)

(m;n=0,1,2...)

Amy" (@) —~

These differential equations are solved with Green’s fune-
tion. From the boundary conditions at the tank bottom
and free fluid surface, one obtains with the series expansions
[Eqgs. (2.14a) and (2.14b)]

A/ (—h) = {“"Qbmn @ m-m}

—2Q bonw € Yo' (—H)

[2220(0) — g0’ (0) [iQbmn am}
[©220(0) — gyo'(0) JiQbmn ¢ |

A translational motion x, (-—h)"mt or Yo (—h)emt is super-
imposed.

Taking o (—h) = 0 or yo (—h) = 0, the clamped-in condi-
tion is obtained, whereas for xy’ = 0 or 3’ = 0 the transla-
tional excitation case results.

Green’s function finally is

Aimn = Gi (2,8) = au($)elm/D2 4 Bi()e Cmn/9)z (2.17)
—h<L2<¢
1=2forf <z<0

g Ann'(0) — Q2 Ay (0) = {

1 = 1for

Atz = ¢,
Gl (g‘ag‘) = G2 (g‘:g‘)

and the first derivative of Green’s function has a discon-
tinuity of unity:

G'(E0 — G 0 = —

With this, the four unknown values @i, a,, 81, and 8; can be
determined.

With 7 = Q/wn. as the ratio of exciting- to eigenfrequency
and
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The solution of the differential equation (2.16) is then

iQ abmn{a”‘} -
Cm . 4
. {l:smh(émn &> +

Emn cOsh [£nn(h/@)](1 — 7%)
et 2)] - [ O )
i e )
(10} Lol + e D]

fma § [0 (0) — (9/Q@Ba0” (0)]
=m0 (!]/92)2/0'(0)]}}} 22
and velocity potential is

e 1 Q a0 (2)r cose

Br,pf) = ¢ tl:{z o Sm} +
Y Y An(@Comza <gm g) eos<—2% go)] (2.24)
m=0 n=0

The term in front of the double summation satisfies the
boundary conditions at the tank walls, whereas the terms of
the double series vanish at the tank walls. The double
summation, together with the term in front of it, satisfies
the free surface condition, if one considers the results of Eqgs.
(2.14a) and (2.14b) and the eigenvalues wms? = (g&nn/a)
tanh [£,.(h/a)]. With this velocity potential, the free sur-
face displacement, the pressure and velocity distribution,
and the forces and moments of the liquid can be obtained by
differentiations and integrations with respect to the time and
spatial coordinates.

The pressure in a depth (—2) is

_ o __Ziml: xg (2) 7 cose
b= Pt gpz = pe Yo (&) 7 sine +

Ann (2) =

] £ £ () 2
Green’s function is
__ {sinh[(&nn/a)] + (Emng/a Q) cosh[£..(¢/a)]} ” 2 _
G (2,%) = (Emn/@) c0sh [ Enn(h/@) 11 — 7?) o hl:‘g’,,m <a )] for —h <2< ¢ (218
_ {sinh[£mn(2/@)] + (Emng/a Q2) cosh[£na(2/a)]} - Iy
Gy (2,0) = — (Emn/a) cosh(Eni/a) (1 — 1) cosh[ém <a ):I fort <z<0 (219
The solution for the homogeneous bdundary conditions is then
. an) {sinh[£na(§/@)] + (Smng/a Q2 cosh[Ema(§/a)]} , (2 {xo”(f) [ém ]
A (&) = 1o ‘{cm} (Enn/0) cOB[(Enn/ )] (1 — 77 [l "(:)} cosh g (€4 b+
, anl _ cosh{&nul(z/a) + (h/0)]} 2 [ {xo”(f) [ ( > gEmn < sj)]
1Qbmn { } (Eun/ @) cosh [Emn(h/a) (1 — 712) ,/(g_)} sinh{ &nn ey cosh| &nn a ac  (2.20)
The solution for the inhomogeneous boundary condition
Apn (—h) = g An (0) — Q2 A4,,0) =0
is
: o Jaml {(Emn g/aQ?) cosh[Ema(2/a)] + sinh[£na(z/a)]}
o 7 {cm} (Eun/ @) cosh £ W/ 1L — 79 221)
and the one for the boundary conditions
Aps'(—h) =0 g Amn’(0) — Q2 A, (0) =
is
. e (0) — (g/Q%)z0 '<0)]} cosh{ £nn[(2/a) + (h/a)]}
Den 2 . .
e 1 {c,,, 1o (0) — (@/2u’ ©1f  coshlEm(B/a) L — 79 (222
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Table 1 Sector tank

Free surface displacement:

Q2% | {rae(0) COS(p% @ ® ( r) (m )
) i + Apn(0) m/2a | emn = ) cO8( o=
g [gr%(o) sine m2=:0 nz;o (O m/2ac | e a 2% ¢

Fluid force: ‘ ’
11 xo(z)} 2 X (—1)mtl gin2ra
F, = Q2ei | =
= e [hf_h{ 0 n}; mz; Qe h o
1 0 = = [(=1)" cos2wa — 1]
F, = mQtet@t| =
v = e l:h f~h {yg(z)} g Z=: 1Qaa

Fluid moment:

[ et raa (enn) + Dn(e >]-f° <3<z)dz]
(m? — 4a?) —h

1 {0 (=) 4
- f A e [m T (em) + L0<em)]]

1 {° h zo{ —h)a? 1-—1— sin2ra cos2wa
’_lf_h (§+z) xo(2) dz + 1 (

h
M, = mQ2eit

0 + mn

—1)"* gin27ra [ 4a? a? Ly(emn)

DI

mn(y) (—h) + ((

i1l om=o 1 Qraah (m? — 4a?)
x( —h) a? ] 8in?22ra
4h 2ra -
M, = —mQest

2ma

yo{ —h)a’ .

sin?2 7
27a
)Jm/Za (emn) + L (émn)) f < ) mn y (Z) dz] -+
a sin2 7 «
my 3 ra

+

Yol ;:)az (1 3 Sin27r;:c:)827m) f < 4 z) vl2) da

[(—1)™ cos2ra — 1] daa?
Z_: Z ) l:(mz — 4(12)

m(w (—h)La(emn) + <(

) Jm/za (fmn) + Lo(fmn)) f ( + z)

(x)
A 610 | - g 2 L= con2el
“ 3

T

At the outer tank wall r = q, the value of Co/2a[Emn(r/a)]is
2/ Emn, whereas at the inner tank wall r = b, itis Cr 24k Emn).

At the sector walls ¢ = 0 and ¢ = 2wa, the cosine func-
tion has the value 1 and (—1)™, respectively. The pressure
distribution at the tank bottom results from Eq. (2.25) by
setting z = —h.

From the pressure distribution, the liquid forces and mo-
ments are determined by integrating the appropriate com-
ponents. In the z direction, the force is

27ra 0
=f f_h(apa_bpb)COS@d<pdz_.

(1]
fb ¢ f_h Po=2raSin2ma dr dz

The first integral represents the contribution of the pressure
distribution from the circular walls, whereas the remaining
integral is due to the pressure distribution at the sector walls.
The force component in the y direction can be obtained in a
similar way. The liquid moment is

27 0 h
My = fo f_h (aps — b ps) <§+z> cose do dz +

27a a 2 do dr — a 0
fo fb e r2 cosp de dr fb f_h Po=2ra”
. h
sin2ra —2——i— 2 ) drdz

where M, is the moment about the parallel axis to the y axis
through the point (0, 0, —4/2). The first integral represents
the contribution of the pressure distribution from the circular
walls. The second integral is the contribution of the pres-
sure at the tank bottom, whereas the remaining integral

easily can be identified as the contribution of the pressure
distribution at the tank sector wall.

Special Cases

Tanks with cireular cross sections are at present the most
frequent containers. Tendencies in space technology, how-
ever, point toward the intersection of the tank by radial
walls. Subdivision of a cylindrical tank into four quarter-
compartments is a possibility to reduce the dynamic influ-
ence of the propellant sloshing upon the stability of the space
vehicle. Concentric containers could be beneficial, if one
could choose their diameter ratio in such a way that the
phasing of the sloshing mass of the propellant inside and out-
gide is such that their combined effect cancels. The theory
of liquid motion due to bending tank walls already was pre-
sented for annular cylindrical tanks.? The following will
be restricted to the sector and circular tank. The main re-
sults are given in Table 1.

A. Sector Tank

If the diameter ratio £ = b/a tends to zero, then the results
of Eq. (2.2) represent the motion of a liquid with free fluid
surface in a tank with circular sector cross section. The zeros
of the determinant A,,;2o(£) = 0 now are obtained from the
equation Jouj2.’'(€) = 0 and are noted by €m.. Furthermore,
the function C(p) is substituted by J(p) = Jmizalen(r/a)].
The integration constants b,., transform into

) aj;mn p?J(p) dp
bon = mn=2012 ...

€mn f . ™ 6 T2(p) dp
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which is

T(m/4a + —)

(m/2a + 24 + DT (m/4a + u — 3)

ATAA JOURNAL

I‘(m/4a -1 g

Im/2a+2u+1(€nn)

P(m/4a + p+ 3 3.1)

mn

In the force components, one has to omit the singular solu-
tion at r = 0. Therefore, the value [2/7Enn — kCpmpa(kémn)]
has to be substituted by J..2a(€ns). The velocity potential,
the free fluid surface displacement, and the force and mo-
ment components are represented in Table 1.

B. Circular Cylindrical Tank

For a container with circular cross section, « = 1. This
represents a container with a side wall in the ¢ =
from r = 0tor = a. The values a,, are then

4 = lim %_ as1n27ra§ 1

= an =0
h=a a1 71l — )

If one chooses an excitation in the z direction, the side wall
does not disturb the flow field. The expression by, is ob-
tained from (3.1). Because of the singularity of the gamma
function at the argument zero, only one term occurs. With
the recurrence formula of the Bessel functions = J,/(z) —
v.J, (@) = — x Jsp1 (2), one obtains [because of €. being
the zeros of J1'(e,) = 0] for J; (ex) = €, J1 (€.). Therefore

2a
(€n? — D)J1(en)

The veloeity potential therefore is due to bending excitation
in the z direction:

b2n =

emn(l — Mm%/ 40?2 €nn® mma(€mn)

Appendix
A. Roots of Certain Bessel Functions

For the previous results, the roots of A,n.(&) = 0 have to
be determined for m = 0, 1, 2, . .. and arbitrary 0 < k < 1.
For most of these roots, McMahon represented asymptotic
expansions.? The smallest root, however, was not known
until Buchholz pointed out its existence.® Kirkham® gave
the roots of the foregoing equation in a graphical way for
m/2a =0,1,2,3,4.

B. Representation of a Function in Bessel-Fourier Series

A function f (r), which is piecewise regular in the interval
b < r < a, satisfies the Dirichlet condition and can be ex-
panded into a Bessel-Fourier series of the form

fir) = E bt Comy2e Minn 7‘)

n=0

(m=20,1,2,...)

The unknown coefficients of the expansion will be determined
by multiplying both sides of the equation with rCp/24(Ama )
and integrating from r = b to r = a. Here Aup and Ana
are different roots of the determinant A, 2. = 0. With

B(r,p,2,t) = 12" a cose {2 xo(2) + 23
n=1

The force and moment of the liquid are represented in Table 2.
In the numerical evaluation, a bending displacement is
considered which has the form (Fig. 2)

50+ 0)-1

The maximum amplitude of this displacement is X/a =
<. The result for this particular case also could be obtained
from Ref. 7.

Figure 3 exhibits the fluid force vs fluid height ratio A/a
for various exciting frequency ratios #; = ©/w;. The fluid
height has, of course, considerable influence, since the exciting
amplitude is changing along the 2 axis. The moment of the
liquid (Fig. 3) exhibits similar behavior.

The total force and moment generally are less for a given
maximum bending amplitude than for a translational motion
of the same magnitude. The maximum dynamic effects
occur when the free fluid surface is located in the vicinity
of the point of maximum bending displacement. With in-
creasing fluid height, the contribution of the sloshing mass
decreases, whereas the inertial force increases. With increas-
ing exciting frequency, this inertial force becomes larger.
Close to liquid resonance, therefore, the inertial effect is not
strong enough to overcome the decrease of the effect of the
sloshing fluids due to the diminished local exciting amplitude
with increasing fluid height. Pressure and velocity distribu-
tion easily can be obtained.?

x (2) =

Jilen(r/a)]n* . z
(e = DJx(en) (ea/a) coshle,(h/a) I(L = 1) [(S”’h<e" a) -

Zang COSh(En 2)) . <CUO/( h) + f xo//(g') COSh[ (g‘ + h)] > _I_ coshl:% (Z + h):l . <j;0 1130”(?) [smh( g‘) + ;nglgz .

cosh< §>]d§+ I:o(O)—_xol(O):Djl} (3.2)

the integral of Lommel and the roots of A,y /2. = 0, one ob-
tains for the coefficients for which Ayn 5% Amp

fb 1 1) Cojze O 7) dr

bmn(f) = @
b r Cm/Zaz ()\mn 7') dr

One thus obtains in the intervalb < r < a

fb ® r Cojza(Amn 1) dr =

a? 2 m2 o e

3 Crmj2a® Amn a)| 1 — TN i + Cmy2a’*Amn @) | —
> 4+ Crm/2a’Amn b)]}*

b2 m2
gL omactmn (1 - i

which is due to the boundary conditions

@ e " g o @ |2 _mi\ _
j‘b r Cm/2a (gmn a) d?" 2Emn2 7['25"”1 Emn 46!

m2
- )]

Crmralmn) = 2/Témn is the Wronskian determinant.

Cm/2a2(kgmn) (k2 Eng

Here,
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The coefficient b,,."" of the Bessel-Fourier expansion can be determined from

2, fb “1f 1) Coa <gm 2) dr
a{ (/7% pa?) [Emn? — (M2/40D)] ~ C2 k) [R2Enn? — (m¥/4a?)]}
The problem that remains is the solution of the
j;a Tf(?') Cm/2a (Emn %) dr

Most of the integrals in the previous treatment are of the form ]
S #Cr(2)dz
These can be obtained with the help of the Lommel function S,,(2) or by integration of the series expansion of the integrals:
S 7 Cnyza (@) d2 = Yoyzo (bnn) S 2 Tmj2a (2) d2 — Jmy2a’ (Enn) S 2 Vins2a (2) d2
Integrating the first integral term by term and collecting terms of J,+9u+1, one obtainss
Tk + v+ 1)/2 v+ 2 DY [(v + « 4+ 1)/2] 4+
Jor o= ,LZO SR VI :

where Re (x + » 4+ 1) > 0 if one integrates from z = 0.
The second integral is obtained by termwise integration of the series expansion of the Bessel function of the second kind. It is
(for m/2«a integer)

bnt) =

Jv + 2u 4+ 1

) I [n/20) — p — 1]1(z/2)2%~ (m/2e)
f 2" Yoz (2) de = — Jrs wle 4+ 20 — (m/2a) + 1]

e+l 2 (—1) u (2/2)(m/20)+20 z 1 1 m _
w2 Wllm/2e) + allim2e) ¥k F 2 F 1T {lné T - 2‘&(” 20t 1>}

opctl = (—1)# (2/2)(m/2e)+25
T o wl(m/2a) + pll[(m/20) + k + 2u + 1]?

Table 2 Circular eylinder tank

Fluid force:

_ i £ 7? "o 2 _ e_"lb:l
F, = mQ% Qt{h f zy(2)de + 22 (e = Dieh/a)] coshleth/a)(l — 77) |: x'(—h) <en I:l cosh ” +

£ sinh((« )) ’ [<smh*f + 28 com(% )> ') cosh(% (¢ + w) d i + (o) - & L) -
smh( ) + f cosh[ (z + h)] f 2" (&) [:smh< §‘> + — cosh( f)] d(dz:l}

F, =0

Fluid moment:

_ 2,4 .’Eg( h) "72
My = ma* ettt { f ( ) % (2) dz + 2 Z | (et = Dlea(h/a)] coshlex(h/a)l(1 — nh)a?’

[m [ - 2) e+ 22) - 2} 4
Z—; ffh z0"($) sinh(%) d¢ + %f f_zh z"(§) costh r) ds + g f_oh [sinh(g z) . f: " (§) cosh(g ¢+ h)) ds“] dz +
;’;—%}2 _Oh [cosh((%" z) : f _zh %"(¢) cosh(% (& + h)) d;] dz + g f _Oh [coshG" (z + h)) : f fz @"(¢) sinh(o%" ;) d(] dz +
;a}g _0 . [coshc—” (z + h)) . f " () eosh(f; ;) d;] dz + f fh [z sinh(f;” z> . f ’ L %) cosh(ff ( + h)) d(:l dz +
“ I:z cosh(ig—z) o cosh(j:" ¢ + h)) dg':l a+ [, I:z cosh(f;" (= + h)) 2w sinh(;—" ;) d(] dz +
- f Eh 2 eosh(— (= + h)) f 20"(¢) cosh( : ;) d§:| dz — (-'130(0) = 0 <°°Sh[€ie/"a/ ahl _ %‘3 - gsinh(g” h)):l}

M, =0
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Fig. 2 Lateral bend-
ing of container

"O(Z)“zso{( P 6]

where Y(2) represents the logarithmic derivative of the gamma
funetion:

d [InT (2)]

v =T - ey ¥

o (v +He =N

and «y is the Euler constant. With these results, one obtains
the integral mentioned in the text:

j;a r? Om/2a <£mn g) dr = a® N, ({mn)

It ' may be mentioned here that some of the integrals in which
uwisl — vorv 4 1 can be obtained from the recursion formu-
las:

S0, @ de = =22 C_1 (2) =
—21=vC,) (g) — 2™*

S0, (@) de = —2T1 (1 (2) =
ver C, (2) — 2110, (2)

v C, (Z)

€C. Limit Considerations for k —

The previous results can be applied for cylindrical tanks
with circular cross section by letting & — 0. 'The zeros of the
determinant A, approach for k£ — 0 the value €. for J ..
= 0. Thisis because

Ty

L@ = o 1 D

for small z and
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Fig. 3 Liquid force and moment vs fluid height

—2'T (v)
wr?

Y, (@) =

for » > 0 and small z. Instead of the value Cojon[Ema(r/a)]
in a ring sector tank, the values of J /. [€xa(r/a)] have to be
taken for a container of circular sector cross section.

The values Ly, L, for the sector tank are

2

Lo (emn) = o M‘; J2ut (m/20) +1 (€mn) (Reﬁ > = 1)
L2 (fmn) =
T[(m/4a) + %

i [(m/2e) + 2u+1]T[(m/2a) + p~ 3]
Tl(m/42) + p + §
J2u+(m/2a)+1 (€mn)

enn I'[(m/40) — 1,20

The other values can be obtained in a similar way.
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